Switching on the electron-electron interaction connects the Kohn-Sham to the physical system. The correlation energy, the only unknown energy component in this process, is determined at fixed density, using a technique based on the Lieb Legendre transform definition of the universal density functional. Results are shown for this adiabatic coupling process for He,Ne 8ϩ ,Be,Ne 6ϩ as well as for the exponential densities n N, (r)ϭN( 3 /)e Ϫ2r (Nϭ2 or 4; у1; for Nϭ4 degeneracy is present and 1 D and 3 P are analyzed͒. The data are fitted to a rational approximant and appear to be in good agreement with those given by the less computationally demanding Harris-Jones adiabatic connection.
I. INTRODUCTION
In order to get more insight into the nature of density functionals, the construction of the Kohn-Sham potential has received much attention. Little is known about the connection of the Kohn-Sham system with the physical system. This can be done by using the adiabatic connection procedure of Harris and Jones 1 ͑along which the density is only kept the same at the full interaction strength and for the noninteracting system͒, or by keeping the density constant along the whole path.
2,3 Although the first way is certainly simpler to perform, the latter is closely related to the philosophy of density functionals.
In a previous paper 4 we presented results for the HarrisJones adiabatic connection in the He and Be series. Here we will show that these results differ little from those obtained by keeping the density constant as long as the interaction strength lies between 0 and 1. It is, however, of interest to consider the more strongly correlated systems, too, where the electron-electron interaction is enhanced (Ͼ1) for which we will give results in a forthcoming paper.
We will also consider the system described by an exponential density, which by integration yields the number of electrons, N:
Please notice, that if the density would be chosen to yield by integration one, all n N would be transformed into the hydrogen density: The only difference produced by going from one n N to another is due to the change in the number of electrons and not to a change of the shape of the density. Other densities n N, ͑ r ͒ϭN 3 e
Ϫ2r

͑2͒
are related to n N by the scaling relation: n N, (r) ϭ 3 n N (r). Since the correlation energy functional is universal, it is important that it also treats correctly simple exponential densities which resemble the atomic densities. n N, generates a family of densities characterized by the parameters N and . For a given N, we have just one parameter generating a series of density functional values, as we have for the uniform electron gas ͓where the single parameter is r s ϭ(3/4n) 1/3 ͔. The explicit dependence on N is also important. Thus, for Nϭ1 the correlation energy is trivially equal to zero.
Coordinate scaling is known to be closely related to the adiabatic connection ͑see, e.g., Ref. 5 , and references therein͒. We will use the latter in order to generate the first.
Besides the purely academic interest in finding the connection between the real and the Kohn-Sham system, the adiabatic connection has been used in designing approximations to the exact density functionals ͑see, e.g., Ref. 6 or 7͒. In these papers the dependence of the energy on has some assumed form, satisfying certain physical constraints, and yields good correlation energies. It is thus of interest to accurately know the real dependence on . Hood et al. 8 made a quantum Monte Carlo investigation for Si, where the potential keeping the density constant has been taken from the local density approximation. After completion of our work we learned that D. Joubert has also performed an adiabatic coupling calculation for the He series. 
II. METHOD
A. Definitions and properties
Lieb
10 defined the universal Legendre transform functional F͓n͔ of the electron density n as
where E͓v͔ is the ground state energy for the system of N ϭ͐n interacting electrons in the external potential v. We are interested in systems having fixed ground state density n at varying interaction strength , with Hamiltonian
where T is the operator for the kinetic energy, V ee that for the electron-electron interaction, and V that for the external local potential. Please notice that for ϭ1 we describe the physical interaction, for ϭ0 the Kohn-Sham noninteracting system and that for other , V is not known beforehand. To obtain the universal density functional at a given , F ͓n͔, we have to replace E͓v͔ in Eq. ͑3͒ by that for the system in which the electron-electron interaction is modified by :
where
. If a maximizing potential v exists, then according to Hohenberg and Kohn, 11 it is the one which has n as the ground state density: For ϭ1, Eqs. ͑9͒ and ͑10a͒ yield the usual density functional definition of the correlation energy. We are also interested in obtaining the correlation energies of a family of exponential densities n N, , Eq. ͑2͒. These can be related to the correlation energies of the systems with interaction strength ϭ1/ yielding the density n N of Eq. ͑1͒ by using 12, 13 
An even more general form, also obtained from the previous scaling relationship is
Thus, the results obtained for n N,ϭ1 ϭn N for 0рр1 can be used to get the correlation energies for systems with densities n N, for 0рр. ͑For large , our values can yield data for larger , but for Ͻ1, E c ϭ1 ϭE c will not be obtained.͒ 
B. Technical details
E͓v͔ is obtained by using the program MOLPRO. 14 For He,Ne 8ϩ and n Nϭ2,ϭ1 full configuration interaction ͑CI͒ was used. For Be and Ne 6ϩ single and double excitations with respect to a wave function obtained from a multiconfiguration self-consistent field calculation in the space of the first two s and the first set of p orbitals were considered. The case n Nϭ4,ϭ1 is more complicated. It turns out that the ordering of the Kohn-Sham eigenstates is similar to that of the particle enclosed in a sphere of zero potential: 15 Uncontracted even tempered Gaussian basis sets, up to f functions, were used in the calculations. For each angular quantum number, M exponents ␣ n were produced by the rule
The central exponents ␣ c and the ratio ␦ can be found in Table I . We will consider here a class of potentials v ps easily generated by existing computer codes, where in order to treat pseudopotentials replacing the atomic cores, the following form is used:
r is the distance from the nucleus, p i are integers larger than Ϫ2, ␥ i is positive, C is given by the asymptotic conditions ͓cf. Eqs. ͑A1͒ and ͑A4͒ in the Appendix͔; the parameters C i , p i , ␥ i are obtained by maximizing F ͓n,v ps ͔ ͓cf. Eq. ͑5͔͒ with respect to v ps : For a given number of terms, we try several powers p i , and maximize by using the SIMPLEX procedure from Numerical Recipes. 18 We repeat this procedure after modifying the values of the p i and the number of terms. ͑Developing the potential in terms of basis functions is common also for obtaining Kohn-Sham potentials, see, e.g., Refs. 19 and 20, or in the practice of density functional calculations, see, e.g., Ref. 21 .͒ Although Eq. ͑4͒ is the only criterion used to obtain ṽ , during our optimization process, we also use as checks the following quantities which should be zero for the exact potentials: 
derived from the virial relation ͓see, for instance, Eq. ͑9͒ of Ref. 17͔;
͓with ␣ϭ, cf. Eq. ͑2͒, or Z, the nuclear charge͔ is obtained for v ϭ0 from the asymptotic condition at r→0 ͓cf. Eq. ͑A6͒ in the Appendix͔.
As we are interested in calculating E c , the stationarity property of F͓n͔ is convenient. The errors in computing F ͓n,v͔ will be of second order in ␦v, while ⌬ 1 will be of first order. This justifies our preference for calculating the correlation energy according to Eq. ͑13͒. If we want, however, to meet all the criteria, the minimization is slowly converging: sometimes more than 5000 steps are necessary.
Although we are interested in obtaining only the correlation energy, we would like to point out some of the possible difficulties encountered if one would like to obtain v , too. In fact, having numerically stable values for the correlation energies does not mean that we have generated unambiguously the corresponding v , too. For example, it has been shown 23, 24 that a shift by a constant over the physically significant region of space will only negligibly affect the measures of similitude of the density produced. Of course, such a shift produces a shift in the total energy, too, but does not essentially affect the wave function obtained and thus the correlation energy. Another way to change the potential without affecting the density is to add a rapidly oscillating perturbing potential. A related problem was pointed out by Schipper et al.: 25 Gaussian basis sets yield oscillations in the potential; they noticed, however, that average values are stable.
As we use limited wave function basis sets, we cannot guarantee that our approximate F is smaller than the exact one, in spite of our search of a maximizing v ps Ϸv ͓cf. Eqs. ͑4͒, ͑5͒, and ͑16͔͒ our approximate E ͓v͔ might lay above the exact one. Thus, for v , our limited basis set F ͓n,v ͔ might get larger than the exact F ͓n͔. Searching for the maximizing potential in the limited basis set leads to an even larger value. In other words, the approximate F lies below or above the exact value, according to the quality of the model potential or of the basis set used.
III. RESULTS
The correlation energies E c
for Nϭ2 ͑He, Ne 8ϩ , n Nϭ2,ϭ1 ) and for Nϭ4 ͑Be, Ne 6ϩ , and the two states 3 P and 1 D of n Nϭ4,ϭ1 ) are shown in Fig. 1 . The curves for the . We will tabulate here only some of the results, due to the large amount of data. Further results are available either on request or on our web-site. 26 Data for ϭ0 and for ϭ1 are given in Tables II and III, 
8ϩ agree within 1 mhartree with the more accurate values given by Umrigar and Gonze. 27 For Be the comparison is less favorable for the noninteracting kinetic energy, and the average energy of the interaction with the external potential obtained from our density, where the differences to more accurate quantum Monte Carlo results 28 are of a few mhartree. We find, however, a better agreement ͑within 1 mhartree͒ when comparing the electron-electron interaction, and its components. For ϭ1 we can compare our correlation energies with those of Refs. 27 and 28. Again, for He and Ne 8ϩ we get a good agreement ͑within 1 mhartree͒. For Be, however, the error is larger ͑3 mhartrees͒. We can also compare our CI energies with the ''exact'' ones of Refs. 29 and 30. For He and Ne 8ϩ our energies are 1 mhartree above the exact ones, while for Be and Ne 6ϩ our values are again 3 mhartrees too high. It thus seems that the significantly lower value for the density functional definition of the correlation energy ͑Ϫ0.189 hartree͒ than the difference between the CI and Hartree-Fock values ͑Ϫ0.177 hartree͒ will be also present in more accurate calculations. The existence of such an increase has been noticed by Huang and Umrigar 31 and also appears in the calculations done by nonuniform scaling transformations in the Be series. 32 Instead of tabulating our results for intermediate , we give a least-squares fit with a rational approximant 33 to the correlation energies E c for 0ϽϽ1 ͑cf. the ansatz made in Ref. 34͒ :
The parameters a and b are given in Table IV . The maximal errors of the fit are of 10 Ϫ6 hartree for Nϭ2, but are larger by one to two orders of magnitude for Nϭ4. While this accuracy seems remarkable, we would like to point out that errors can propagate when scaling the density ͓Eq. ͑11͔͒ due to the factor 2 . For example, the error obtained in the fit of E c ϭ1/10 ͓n N,ϭ1 ͔ will be multiplied by a factor of 100 when computing E c ͓n N,ϭ10 ͔. In order to get an idea about the effect of the fit, we can also use our ansatz and set of points to fit the correlation energy of the uniform electron gas with density given by r s ϭ1, by using the following relationship:
where ⑀ c is the correlation energy per particle. We thus know that for →0 we should have a 2 ln() dependence ͑in the uniform electron gas͒, which is not satisfied by our approximation. For large , the ansatz is capable of reproducing the correct dependence. This cannot be expected to occur, however, if we try to reproduce ⑀ c (r s ϭ1), with lying between 0 and 1. In this case we obtain aϭϪ0.1099, b ϭ0.8433 and a maximal error of 4ϫ10 Ϫ4 . We can now use this fit to obtain ⑀ c at different r s . We get: ⑀ c (r s ϭ0.1) ϷϪ0.101 hartree ͑instead of Ϫ0.121͒ and ⑀ c (r s ϭ10) ϷϪ0.012 hartree ͑instead of Ϫ0.019͒.
The fit can be improved, however, by choosing a more flexible ansatz: , respectively͒. As we used for the fits values for lying between 0 and 1, we expect the limit →0 to be better described. This can be confirmed by comparing our values of a for Nϭ2 ͑cf. Table  IV͒ with Ϫ0.0467, the ''exact'' value reported by Ivanov and Levy 36, 37 for the exponential density. Applying the scaling relationship, Eq. ͑12͒, to the fit, ͓Eq. ͑17͔͒, we see that for the density n N, , a will be independent of , while bϭb()ϭb(ϭ1)/. This means that for large , the correlation energy at ϭ1 is essentially given by the second-order expression E c Ϸa 2 . For decreasing , E c is more and more dominated by the linear behavior given by the asymptote →ϱ describing the hypercorrelated case. In the He series, we have the same qualitative behavior as for n N, . The a coefficients are nearly the same for all Nϭ2 systems studied here ͑cf. Table IV͒. The coefficient b is 5.6 times smaller for Ne 8ϩ than for He which is in accordance with estimates we can get from the behavior of the density near the nucleus ͑the ratio of the nuclear charges is 5͒ and in the tail region ͑the ratio of the square roots of the ionization potentials is 7.0 38 ͒. The behavior in the Be series is, however, significantly different. We see that for Ne 6ϩ the coefficient a is different from that of Be, and that b is smaller for the latter. The large b coefficients indicate a significant difference between the second-order and exact correlation energies, which is usually attributed to near degeneracy.
The E c curve for the n Nϭ4,ϭ1 3 P state lies above that of the 1 D state. As at ϭ0 the two states are degenerate, and at first-order perturbation theory, the 3 P state is below the 1 D state ͑Hund's rule͒, we expect that after a certain , correlation will start to dominate, and the energy of the 1 D state will lie below that of the 3 P state. Using Eq. ͑11͒ this means that for large the ground state is 3 P, while for small it is the 1 D state. In the latter case, a change of the nature of the ground state occurs along the adiabatic coupling process.
From the variational principle and the HellmannFeynman theorem one obtains that the first two derivatives of We analyzed the Harris-Jones adiabatic coupling ͓Eq. ͑8͔͒ in a previous paper. 4 It turns out that the E c obtained within this procedure is remarkably close ͑for the systems studied͒ to those obtained by keeping the density fixed for 0ϽϽ1. This behavior might be understood by remembering that the constant-density and Harris-Jones E c coincide at ϭ0 and ϭ1. At these points, as the density obtained in Harris-Jones equals the exact one, and as 4 Using the type of fit given in Eq. ͑17͒ we obtain the parameters given in Table IV . Taking into account that v ϭ1 is in general known and of the progress made in the last several years in computing v ϭ0 , Eq. ͑8͒ seems to be a useful alternative to obtain approximations to v . In order to see the effect of assuming the dependence in the local density ͑LDA͒ and the generalized gradient ͑GGA͒ approximations, 40 we calculated ⑀ c in these approximations by using the following relationship: 12, 13 E c ϭ 2 E c ͓n 1/ ͔.
We then fitted the results by using the rational approximant, Eq. ͑17͒. The errors are quite large when fitting the LDA values ͑of the order of 0.001͒; the GGA errors are of the same order of magnitude as those of the accurate ⑀ c . The resulting coefficients a and b are given in Table V . While the GGAs are in general close to the coefficients of the accurate fit, the LDA values are always larger. The exception appears in the Be series. The a coefficient is too small in Ne 6ϩ by a factor of 2.6, and the b coefficient decreases strongly with respect to Be instead of increasing. Due to the accuracy of the Harris-Jones approximation, we do not further pursue here the comparison of accurate with approximate density correlation energy functionals, but refer for more details to our previous publication. 4 Very often, in order to get approximations to density functionals, the integrand in the coupling constant formula, ‫ץ‬E c ‫,ץ/‬ Eq. ͑19͒, is used. As it can be obtained by taking the derivatives with respect to in Eqs. ͑17͒ or ͑18͒ and the numerical accuracy of E c seems better, we prefer the values obtained by fitting E c . For completeness, the values obtained by fitting the parameters a and b so that
follows our computed values of
which are given in Table VI .
IV. CONCLUSIONS
We presented changes in the correlation energy produced by multiplying the electron-electron interaction by a factor ͑between 0 and 1͒ at fixed density for He,Ne 8ϩ ,Be,Ne 6ϩ as well as for the exponential densities n N, , ͓Eq. ͑2͒, Nϭ2 or Nϭ4, у1͔. Although apparently similar to atomic densities, the n Nϭ4, correlation energy behaves differently from the Be-series systems, while the n Nϭ2, resemble the He series. The data could be fitted rea- ͑1͒ as benchmarks for studying the behavior of density functionals, ͑2͒ for obtaining better density functionals, as we now have provided numerically the dependency of the correlation energy ͑the other parts of the energy have a trivial dependency͒; ͑3͒ for alternative approximations to the exact correlation energy ͑in a way similar to the case of the uniform electron gas͒ by using the results for the exponential density for different N and .
Finally we would like to point out that the procedure used in this paper, based upon the Lieb definition of the universal density functional, although computationally demanding, can be easily used by anyone possessing an ab initio code treating pseudopotentials and calculating correlation energies.
gence in v ϭ0 is coming from the external potential. For the exponential density, both for n Nϭ2, and n Nϭ4, only the 1s orbital contributes to the density at the origin, and thus 1s is proportional to exp(Ϫr). From Eq. ͑A2͒ one gets
up to an arbitrary constant; ␣ can be either equal to Z ͑atoms͒ or ͑exponential density͒. As the potentials for the exponential densities are new, we present them, after multiplication with r, for ϭ0 and ϭ1 in Fig. 2. 
